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Free Vibration of Stiffened Rectangular Plates
Using Green's Functions and Integral Equations

J. W. Nicholson*
University of Illinois at Urbana-Champaign, Urbana, Illinois

A new method for the free-vibration analysis of stiffened rectangular plates based on the use of Green's func-
tions and the solution of a system of Fredholm integral equations of the second kind is demonstrated. The lateral
forces and twisting moments of constraint between the plate and beam stiffeners are accounted for. For plates
with simply supported edges perpendicular to the stiffeners the integral equations are solved exactly to yield the
characteristic equations for the natural frequencies. The characteristic equations are then solved to yield the ex-
act natural frequencies (within the context of the mathematical model chosen). The pertinent parameters of the
problem all appear explicitly in the characteristic equation which then has implications for its use as a
mathematical design tool. The exact natural modes can be calculated and the orthogonality relation for the
natural modes is given which implies that the forced response of the stiffened plate, including the effects of
damping, can be determined by modal analysis. As an example, a table and figures show the natural frequencies
for a stiffened simply supported rectangular plate with a single stiffener.

Introduction

STIFFENED plates occur in many aeronautical, aerospace,
and marine structures. They can also be found in the

automotive industry and as bridge decks. The free-vibration
analysis to determine their natural frequencies has been per-
formed in a number of ways: 1) by considering a structurally
equivalent orthotropic plate,1'2 2) by considering the classical
theories for an isotropic plate and beam stiffeners and
matching their individual solutions (sometimes called the
composite beam-plate method),3'4 3) by various matrix
methods,5"7 4) the Rayleigh-Ritz method,8 5) Lagrange
multiplier methods,9'10 6) the modal constraint method,11

7) the finite difference method in conjunction with a varia-
tional principle,12 and 8) the finite element method.13 In addi-
tion, the receptance method has been applied in the free-
vibration analysis of ring-stiffened cylindrical shells.14'15 (For
a more complete bibliography of the literature on vibrating
stiffened plates one should also consult the references of the
above-mentioned papers.) The orthotropic plate provides an
approximate physical model for the stiffened plate, while re-
quiring static experimental testing to determine the necessary
orthotropic elastic constants. The composite beam-plate
method and the matrix methods provide exact natural fre-
quencies within the mathematical model of the stiffened plate
but involve many unknowns and are not readily extended to
analysis of the forced response of the stiffened plate. The
receptance method also provides exact natural frequencies but
is not readily extended to the forced-response analysis. The re-
maining methods all involve approximate solution techniques.

In this paper a new method for the free-vibration analysis
of stiffened plates, based on the use of Green's functions
and the solution of a system of homogeneous Fredholm in-
tegral equations of the second kind, will be demonstrated.
The natural frequencies and natural modes are exact within
the mathematical model chosen for the stiffened plate, and
the results are readily used in the forced-response analysis.
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The use of Green's functions in the vibration analysis of
linear combined dynamical systems involving plates and
oscillators has been demonstrated previously by the author.16

The static deflection analysis of a simply supported stiffened
rectangular plate using Green's functions has been studied
previously by Michalopoulos and Wheeler.17 The determina-
tion of natural frequencies and natural modes of stiffened
plates through the derivation and solution of integral equa-
tions, to the author's knowledge, has not previously
appeared.

For the present analysis, the stiffeners are all in one direc-
tion and parallel to the edges of the rectangular plate. The
plate is of uniform thickness and simply supported on the
edges normal to the stiffeners with any other classical bound-
aries on the other two edges. The plate is modeled using
classical plate theory, and each stiffener is modeled as an
elementary beam for lateral motion and as an elementary
shaft for torsional motion. For simplicity, the effects of
warping of the stiffeners and in-plane action are neglected
(although they can be included in a more involved analysis).
Eccentricity of the stiffeners is included through the moment
of inertia of each stiffener. A review of the previously men-
tioned literature reveals that, in general, the absence of the
above-mentioned effects amounts to less than a 5% error in
the natural frequencies.

In the section that follows, the governing differential
equations for the natural modes of vibration of the stiffened
plate are solved using Green's function for the unstiffened
rectangular plate. Specialization of the coordinates to those
of each stiffener results in a set of coupled homogeneous
Fredholm integral equations of the second kind for the
unknown displacements and rotations of each stiffener. For
the type of stiffened plate considered here Green's functions
can be expressed in exact form as a sine series, which allows
the exact solution of the integral equations by a standard
technique. The result is a set of transcendental characteristic
equations for the exact natural frequencies of the stiffened
plate. Once the exact natural frequencies have been deter-
mined (numerically), the exact natural modes are known in
terms of integrals of Green's functions.

For other types of stiffened rectangular plates (e.g., dif-
ferent boundary conditions), the derivation of the set of
coupled integral equations for the stiffener displacements
and rotations is still valid. However, at this time only ap-
proximate forms are available for the Green's functions.
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Also, approximate methods will be necessary to solve the in-
tegral equations for the natural frequencies and mode
shapes.

An example showing the variation of natural frequencies
with stiff ener depth ratio, stiff ener position, eccentricity,
and plate aspect ratio is given for a rectangular plate with a
single stiff ener.

Finally, the orthogonality relation for the natural modes
of the stiffened plate is given. The orthogonality relation is
valid for general types of boundary conditions, allowing the
forced response of the system, including the effects of damp-
ing, to be determined by modal analysis.16

Free- Vibration Analysis
Consider a thin, linear elastic, isotropic, rectangular plate

of uniform thickness h stiffened by R linear elastic, isotropic
beams, each of uniform cross section. The stiff eners are all
parallel to an edge of the plate and the edges perpendicular
to the stiff eners are simply supported (see Fig. 1). The edges
parallel to the stiffeners may have any other classical homo-
geneous boundary conditions. For simplicity, only the
transverse forces fj(x,t) and twisting moments rrijfat) of con-
straint between the stiffeners and the plate are included.
Using the Kirchhoff theory, the equation of motion for the
plate is

(1)

where w(x,y,t) is the transverse displacement, D the plate
bending stiffness, p the mass density of the plate, and V4

the biharmonic operator. The Dirac delta function 5( ) and
its derivatives satisfy

ing equation for the natural modes W\

> (y—n)dy = ( - (2)

Using the elementary theories for beam bending and
twisting,

+psAiV^-fi (3)

' = 1,2,...,* (4)

where vfat) is the transverse displacement of the /th beam,
Oj(x,t) the rotation, £"/// the beam bending stiffness, G/ the
shear modulus, Ji the polar moment of inertia, ps. the mass
density, and A{ the cross-sectional area. A prime denotes dif-
ferentiation with respect to x and a dot denotes differentia-
tion with respect to time t. The kinematic constraints for
each stiffener are

1=1,2,...,*
(5)

(6)

For the free-vibration analysis we assume harmonic mo-
tion. Thus,

(la)

(7b)

(7c)

(7d)

(7e)

w(x,y,t) =

Vj(x,t) =

6i(x,t)=0i(x)smwt

rrii(x,t) = Mi (x) smut

where co is a frequency. Substituting Eqs. (7) into Eqs. (1),
(3), and (4), and using Eqs. (5) and (6) results in the govern-

+ [yiW,yxx(x,ci)+aiu2lV,y(x,ci)]d'(y-ci)} (8)

where
(9a)

(9b)
(9c)

(9d)

(9e)

The governing equation for W(x,y) is solved using Green's
function G(x9y,%,vi\u) for the vibrating unstiffened rec-
tangular plate. Green's function satisfies the governing
equation

ri) (10)

plus the same boundary conditions as the stiffened plate.
Thus the solution to Eq. (8) is

po

J0

,,(S,Ci)] G,, ($,cifx,y;

(H)

Integration by parts and application of the boundary condi-
tions yields

pa R

L E W^tt.cJftiG.
J O . ,

(12)

Equation (12) gives the deflection W(x,y) once W(x,ci},
/=1,2,...,*, and w are determined. Differentiate Eq. (12)
with respect to y and let y-*cjt j= 1,2,...,* in both Eq. (12)
and its differentiated form to obtain the system of coupled
homogeneous Fredholm integral equations for the transverse

Fig. 1 Rectangular plate with R stiffeners.
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deflections W(x,ci)=Vi(x) and rotations Wty(x,ci) = 6i(x)\

r f l AW = - L IX(o^y(^;co)d£Jo

(13)

where the kernel functions are given by

, 7=1,2,...,*

(14)

;«) (15a)

cy;co) (15b)

c9Cj',u) (15c)

,jc,c..;co) (15d)

Since the system of integral equations [Eqs. (13) and (14)] is
homogeneous, their nontrivial solution results in the natural
frequencies un and natural modes Wn(x,y).

The analytical solution of Eqs. (13) and (14) for general
boundary conditions is a difficult matter. However, for
plates with simply supported edges perpendicular to the stif-
feners, Green's function can be expressed in a form that
allows a standard technique to be used to arrive at a set of
transcendental characteristic equations for the natural fre-
quencies. These characteristic equations represent the exact
solution of the integral equations. Since the edges ^==0 and a
are simply supported, the well-known Levy method can be
used to obtain Green's function in the form

G(x,y,%,ri;w) =

where the functions
tions at y = Q,b. Thus

to . M __——sin—— (16)a a

depend on the boundary condi-

fax
sin

a a

——sin——
a a

LU = Li

——sin——
a a

fat fax
sin

a a

where

(17a)

(17b)

(17c)

(17d)

(18a)

(18b)

(18c)

(18d)

Substituting Eqs. (17) into Eqs. (13) and (14) yields

oo R

Vj(x) - ~
f = l /= !

oo R

where

fax
' /£C^(co)]sm—— (19)

.

——

7=1,2,...,* (20)

(21)

(22)

are constants to be determined. Equations (19) and (20)
represent the form of the solution Vj(x) and Oj(x) once o> and
dit and e/f have been determined. Next, operate by

sin [Eqs. (19) and (20)]dx, A:=l,2,... (23)

and use the orthogonality of the sine functions to obtain

.7=1,2,...,*; A:-1,2,... (25)

where 6/y is the Kronecker delta. Equations (24) and (25)
represent an infinite dimensional set of simultaneous
homogeneous transcendental equations for dik and eik. A
nontrivial solution is assured if, and only if, the determinant
of the coefficient matrix is zero. Note that nontrivial solu-
tion of Eqs. (24) and (25) is guaranteed if the determinant of
the coefficient matrix is zero for any fixed value of k. Thus
one need only solve successive 2* x 2* determinantal equa-
tions for their roots to obtain the exact natural frequencies.
Also note that there are no summations of infinite series
associated with the characteristic equations.

Once a natural frequency con and corresponding constants
dikn and eik , k =1,2,..., have been determined, the natural
mode Wn(x"y) is given through Eqs. (19), (20), and (12).

Example
As an example consider a rectangular plate simply sup-

ported on all sides with a single stiffener of rectangular cross
section (see Fig. 2). Thus * = i. The stiffener is located at
c{ = c. For simplicity the plate and stiffener are made of the
same material. Thus they have the same modulus of elasticity
E, Poisson's ratio v, and mass density p. We will consider
two types of stiffeners: one is symmetric with respect to the
midplane of the plate and noneccentric, the other is an ec-
centric stiffener. The symmetric stiffener can be considered
to consist of one rib attached to the top of the plate and
another rib attached to the bottom. The moment of inertia is

7 — _
•* c —

•(-f) (26)
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Fig. 2 Simply supported stiffened rectangular plate. Symmetric
stiffener, eccentric stiffener.
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Fig. 3 Fundamental frequency vs stiffener depth ratio. Square
plate with symmetric stiffener.

the product of inertia is

and the cross-sectional area is

(28)

For the eccentric stiffener, the cross-sectional area is

A =fd (29)

The moment of inertia (about the midplane of the plate) is

Ie=(dh3/3)g(f/h)=I+e2A (30)

where 7=d/3/12 is the moment of inertia of the eccentric
stiffener about its own neutral axis, and the eccentricity is

='/2 (f+h) (31)

The product of inertia is

Je = (dh3/3)g(f/h) =J+e2A (32)

We have assumed that the eccentric stiffener bends about the
midplane of the plate.

The functions ^(7,17; a;), introduced in Eq. (16), for the
unstiffened rectangular plate simply supported on all sides,
are

where

and

(33a)

(33b)

(33c)

(33d)

Va2-(ftr/a)2
if

if a = (33f)

The calculation of the functions 0fO,r/;w) given in Eqs. (33)
for the unstiffened rectangular plate simply supported on all
sides (or simply supported on the edges perpendicular to the
stiffener direction with any other classical homogeneous
boundary conditions on the other two edges) is accomplished
by a straightforward application of the well-known Levy
method.

Thus, the characteristic equation for the natural frequen-
cies, using Eqs. (18), (24), (25), and (33), in nondimensional
form, is

= 0, £=1,2,...

where

= d/a

= b/a

(34)

(35a)

(35b)

(35c)

(35d)

(36a)

(36b)

(37a)

(37b)

(37c)

(37d)

(37e)
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Fig. 4 Fundamental frequency vs stiffener depth ratio. Square
plate with eccentric stiffener.

0.0

Fig. 5 Fundamental frequency vs stiffener position. Square plate
with symmetric stiffener.

The nondimensional frequency is

and j8 = 1 for the eccentric stiffener and
metric stiffener. Also,

(38)

= 2 for the sym-

# 2 (X)

sinhV(/br)2-Q2f

siirs/Q2-

if

if

if Q =

(39a)

(39b)

(39c)

(39d)

(39e)

where we have added the parameter X, denoting the plate
aspect ratio, to the argument list of functions <j>k. Thus all of
the pertinent parameters 0, 7, 5, e, f, X, p, and Q2 are ex-
plicitly displayed in the characteristic equation. The
characteristic equation (34) was solved numerically using a
simple root solver (Newton bisection).

Figures 3-8 show the variation of the nondimensional fun-
damental frequency 12f of the stiffened plate normalized by

3.0

"cf

1.0

20.0

0.0 0.5

r = c/b
1.0

Fig. 6 Fundamental frequency vs stiffener position. Square plate
with eccentric stiffener.

4.0 r
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2.0 -

f/h = IO.O

0.0

Fig. 7 Fundamental frequency vs plate aspect ratio. Central, sym-
metric stiffener.

the nondimensional fundamental frequency of the unstif-
fened simply supported plate &Q = ir2(l + X~ 2) . Figures 3 and
4 show the variation of the fundamental frequency for a
square plate with stiffener depth ratio f =f/h. For small f,
generally 0<f<0.2, the fundamental frequency decreases
slightly (less than 0.01%) due to the added stiffener mass.
For higher values of f the stiffener raises the fundamental
frequency. For y = c/b = Q.Q, the effect of an edge stiffener
(with the additional constraint that lateral displacement of
the edge be zero) can be seen. Figures 5 and 6 show the
variation of the fundamental frequency for a square plate
with stiffener position y = c/b. A centrally placed stiffener
maximizes the increase in frequency. As a simple check one
can see that as the cross-sectional area of the stiffener
becomes zero (i.e., f—-0) the fundamental frequency of the
stiffened plate approaches that of the simply supported
unstiffened plate. Also, as f—>oo, the stiffener acts as a
clamped edge at y = c and the fundamental frequency of the
stiffened plate approaches that of the corresponding unstif-
fened rectangular plate with three edges simply supported
and the remaining edge clamped. This can be verified with
the use of Table 4.13 of Ref. 18. For the special case of a
centrally stiffened simply supported rectangular plate, Kirk8

has derived the exact solution for the characteristic equation
of the fundamental frequency by solving the partial differen-
tial equations for the vibrating plate. Only the transverse
force of constraint is necessary (the twisting moment of con-
straint being zero for this symmetric mode). Kirk's result has
been used to obtain the exact fundamental frequency and, as
expected, the results of the present method (exact solution
via integral equations) match those of Kirk's exact solution.
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f/h = 20.0
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3.0 -

Mcf

Table 1 Nondimensional frequencies
for a square plate with a central stiffener

2.0 -

0.0 2.0 3.0

X = b/a
Fig. 8 Fundamental frequency vs plate aspect ratio. Central, eccentric
stiffener.

Thus, the accuracy of the present method is further verified.
It should be mentioned that Kirk's exact solution is limited
to the symmetric modes of centrally stiffened rectangular
plates, whereas the present method does not have these
restrictions. In addition, Kirk compared the exact solution
with a two-term Rayleigh-Ritz procedure and found a less
than 3% difference between the results of the exact and ap-
proximate methods (see Fig. 5 of Ref. 8).

Figures 7 and 8 show the variation of the fundamental fre-
quency for a centrally stiffened plate with plate aspect ratio
\ = b/a. For X< 1, the stiffener is placed in the "long" direc-
tion of the rectangular plate; one can see that for small
values of X the stiffener acts as added mass and lowers the
fundamental frequency. Table 1 shows the first nine non-
dimensional frequencies for a square simply supported plate
with a central stiffener. The plate is stiffened alternately by
symmetric and eccentric stiffeners of equal mass. Thus
X= 1.0, 7 = 0.5, for the symmetric stiffener 0 = 2 and f =5.0,
and for the eccentric stiffener j3=\ and f = 10.0. As ex-
pected, the eccentric stiffener is more effective at raising the
natural frequencies of the plate. Note that all frequencies
determined can be considered as exact within the context of
the mathematical model chosen. The ability to compute the
higher frequencies in an exact manner represents an advan-
tage of the present method over approximate methods such
as finite elements, finite differences, Lagrange multipliers,
Rayleigh-Ritz, etc. For all examples 6 = e = 0.01 and p = 0.3.
For an eccentric stiffener, the eccentricity ratio can be com-
puted using

(40)

Orthogonality Relation

The orthogonality relation for the natural modes of the
stiffened plate can be derived by a classical procedure16 using
Eqs. (1-7) with u = un. The orthogonality relation is

'^^^^

(41)

where dn is the normalization constant. The forced response
of the stiffened plate to arbitrary excitation including the ef-
fects of damping can now be determined by modal
analysis.16

n

1
2
3
4
5
6
7
8
9

Symmetric
(///* = 5)

2.215
2.986
4.594
4.615
5.089
7.010
7.047
9.194

10.295

Eccentric
(f/h=\0)

3.012
3.271
4.723
4.742
6.390
7.073
7.087
9.820

10.455

Conclusion
A new method for the free-vibration analysis of rec-

tangular plates with stiffeners parallel to an edge of the plate
has been demonstrated. The effects of the transverse forces
and twisting moments between the plate and stiffeners are
accounted for. The method is based on the use of Green's
function for the vibrating unstiffened plate and results in a
set of coupled homogeneous Fredholm integral equations of
the second kind for the stiffener transverse displacements
and rotations. Solution of the integral equations is exact
when the edges of the plate perpendicular to the stiffeners
are simply supported. The result is a set of characteristic
equations for the exact natural frequencies of the stiffened
plate. In nondimensional form, all of the pertinent
parameters of the problem appear explicitly in these
transcendental equations for the natural frequencies. Thus,
one possible extension of the method is its use in design as a
tool that allows mathematical optimization (e.g., derivation
of optimization equations through differentiation with
respect to a parameter, or by minimizing a cost functional)
in addition to parameter studies.

Similar methods can be used for the linear buckling
analysis of stiffened rectangular plates although the effects
of twisting of the stiffeners would need to be handled in a
different manner. Thus no direct comparison of fundamen-
tal frequencies and plate buckling loads can be made in the
examples presented.

The characteristic equations for the exact natural frequen-
cies are solved numerically. A short computer program was
written that easily can be run on a microprocessor or port-
able computer. Typical CPU times on the University of Il-
linois at Urbana-Champaign CYBER 175 computer
necessary to determine the fundamental frequency of the
stiffened plate to eight significant figures for a given set of
parameters were on the order of 0.05 s. The number of
significant figures to which a frequency is calculated does
not significantly affect the amount of CPU time. A table
and figures show some typical results for a simply supported
rectangular plate with a single stiffener of rectangular cross
section.

A particular advantage of the method is that the exact
natural modes can be computed quite easily, and, along with
the orthogonality relation for the natural modes, allow the
forced response to arbitrary excitation to be determined by
modal analysis. This increases the potential of the method
further for use in design, optimization, and control of stif-
fened plates.

The inclusion of warping of the stiffeners and in-plane ef-
fects is possible. However, this will further restrict the types
of boundary conditions for which exact results can be ob-
tained. In general, the integral equations obtained for stif-
fener transverse deflections, rotations, etc., will be exact for
classical homogeneous boundary conditions. However, for
plates that do not have simply supported edges perpendicular
to the stiffeners, the determination of Green's functions and,
hence, the kernel functions, will be approximate (e.g., by
Galerkin's method), the alternate, approximate methods of
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solving the integral equations will be necessary. Still, ac-
curate results at reasonable cost should be forthcoming.
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